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Abstract
We show that at arbitrary value of the scalar self coupling and small Yukawa cou-
pling y the 2d Higgs-Yukawa model with Z(2) symmetry remains in the broken phase
and the model is asymptotically free: y → 0 as the cut-off Λ→∞. This is in agreement
with a recent conjecture based on numerical simulation results.
The Higgs-Yukawa model has been shown to be equivalent to a generalized Nambu-Jona-
Lasinio (NJL) model in 2 < d ≤ 4 dimension [1, 2]. However, much less is known for its
properties in d = 2. The lattice action for the Higgs-Yukawa model with a Z(2) symmetry
is given by
S = Sh[φ] +
∑
x,z
ψ¯i(x)M(x, z)ψi(z) , i = 1, 2, ..., Nf , (1)
where the scalar action Sh[φ] has the form
Sh[φ] = −2κ
∑
x,µ
φ(x)φ(x+ µ) +
∑
x
φ2(x) +
∑
x
λ
[
φ2(x)− 1
]2
. (2)
The fermion matrix M(x, z) in Eq. (1) may be written as
M(x, z) =
∑
µ
γµ [δx+µ,z − δx−µ,z] + yφ(x)δx,z , (3)
where γµ, µ = 1, ..., d, are the Hermitian Dirac matrices and y stands for the Yukawa coupling.
At κ = 0, λ = 0 one can integrate out the scalar field exactly and obtains a lattice regularized
Gross-Neveu (GN) model (e.g. NJL model for d = 2). The GN model was solved exactly
in the large Nf limit and it was found that the system always remains in the broken phase
and the theory has asymptotic freedom [3]. On the other hand, at y = 0 the fermions will
decouple. The model is believed to be in the same universality class of 2d Ising model and
the system is expected to have a symmetry breaking phase transition at κc(λ). Now the
interesting question is: when y is turned on gradually at κ 6= 0 and λ 6= 0, is the model
Eq. (1) equivalent to some generalized GN model? If so, does it have a symmetric phase?
In a recent work [4] a numerical simulation was performed for this model at λ = 0 and
λ = 0.5. Combining the numerical results and a large Nf expansion analysis, which is a
good approximation only for small λ, it was conjectured [4] that at arbitrary values of λ
this model will remain in the broken phase at small y and the system is asymptotically free:
y → 0 as the cut-off Λ → ∞ for fixed physical quantities. In this note, we will show that
this conjecture is indeed true.
Let us regularize the infrared divergences in 2d by putting the system in a finite box of
linear size L. Separating the scalar field into φ(x) = φ¯+ϕ(x), where φ¯ is the zero-momentum
component and ϕ(x) the nonzero momentum part with constraint
∑
x ϕ(x) = 0, we consider
the effetive potential in a finite volume defined by [5]
exp[−LdUL(φ¯)] =
∫ ∏
x
dϕ(x)δ
(∑
x
ϕ(x)
)
e−Sh[φ¯+ϕ]+Nf tr lnM(φ¯+ϕ) , (4)
where the fermion field has been integrated out and its contribution is given by Nf tr lnM
term. For small bare Yukawa coupling y the effects of the fermions can be treated pertur-
batively by expanding the fermion determinant in y2. We get to leading order
tr lnM(φ¯+ ϕ) = tr lnM(φ¯) +O(y2) . (5)
Thus the effective potential is given by [6]
UL(φ¯) = UhL(φ¯)−Nf tr lnM(φ¯) , (6)
1
where UhL(φ¯) is the exact effective potential for a pure scalar system. We emphasize that Eq.
(6) is only perturbative in y but nonperturbative in λ. Although we can not calculate UhL
analytically at strong λ, it can be studied easily in numerical simulations [5]. The minimum
of the effective potential can be obtained by setting
U ′L(φ¯) = φ¯

U ′hL(φ¯)
φ¯
− 1
Ld
∑
p 6=0
CγNfy
2
p˜2 + y2φ¯2

 = 0 , (7)
where p˜2 =
∑
µ sin
2(pµ) and Cγ is the dimension of the Dirac matrices. For sufficiently large
κ, the effective potential will have a minimum at φ¯ = vL 6= 0. As long as we approach the
critical line from the broken phase, vL will have a finite infinite volume limit: vL → v, L→∞.
At the critical line v → 0, we get the equation for the critical surface
U ′′hL(0)−
1
Ld
∑
p 6=0
Cγy
2φ¯
p˜2
= 0 , (8)
where it is understood that the limit L → ∞ is to be taken in the end. The effect of
fermions is to increase the ferromagnetic order so we expect that κ value on the critical
surface will satisfy κ < κc(λ), where κc(λ) is the critical point for the pure scalar model.
Consequently U ′′hL(0) is to be evaluated in the symmetric phase of the scalar model (In
numerical simulations one may measure < φ¯2 >L to get U
′′
hL(0) = 1/L
d < φ¯2 >L). It has a
well defined L→∞ limit and we have limL→∞ U ′′hL(0) = m2R/Zφ with mR the renormalized
mass and Zφ the wavefunction normalization constant of the scalar model. So the critical
value for y is determined by
y2 = lim
L→∞
m2R
CγNfZφ
1
Ld
∑
p 6=0
1
p˜2
. (9)
The sum (1/Ld)
∑
p 6=0 1/p˜
2 is infrared divergent in 2d
1
L2
∑
p 6=0
1
p˜2
= 4 · 1
2pi
lnL+ ... , (10)
where the factor 4 reflects doubling of the fermions. So the critical line is at y → 0.
Next we show that Eq. (7) implies asymptotic freedom. Let us hold κ < κc(λ), λ fixed
and tune y to the critical line y = 0. For any nonvanishing y Eq. (7) has finite L→∞ limit
U ′h(v)
v
− 2Nfy2
∫
d2p
(2pi)2
1
p˜2 + y2v2
= 0 . (11)
For small yv we have [7]
∫
d2p
(2pi)2
1
p˜2 + y2v2
= 4
{
− 1
2pi
ln(yv) +
1
4pi
ln 8 +O
(
y2v2 ln(yv)
)}
, (12)
where again the factor 4 comes from fermion doubling. In the symmetric phase, the scalar
potential has the form
U ′h(v)/v =
m2R
Zφ
+ c4v
2 + c6v
4 +O(v4) , (13)
2
where c4, c6, ... are functions of κ and λ. So we obtain from Eq. (11)
yv = 2
√
2 exp
{
− pi
4Nfy2
m2R
Zφ
+O
(
1
y4
e
− const
y2
)}
, (14)
where the neglected terms are exponentially small in 1/y2. The fermion propagator can be
calculated also in the leading y expansion
Gf(p) =< ψ(p)ψ¯(−p) >= 1
i
∑
µ γµsin(pµ) + yv
. (15)
In the continuum limit, the fermion mass is given by the pole of Gf(p) and we have
mf =
1
a
yv =
1
a
2
√
2 exp
{
− pi
4Nfy2
m2R
Zφ
}
, (16)
where the explicit cut-off Λ = 1/a dependence is restored. When the cut-off is removed
a → 0, in order to keep the fermion mass fixed we have to tune y → 0 and this is the well
known asymptotic freedom.
The generalization of this method to the continuous chiral symmetric models in 2d is
tricky due to the fact that there is no finite vacuum expectation value in the infinite volume
limit. But the idea that the fermion part can be treated as a perturbative correction to the
nonperturbative scalar sector might still be valid. In contrast, application of this method
to a continuous chiral symmetric model in 2 < d ≤ 4 is straight forward. For example, the
critical surface of a U(1) chiral symmetric model [8, 1, 9] in 4d is given by
m2R
Zφ
− 4Nfy2
∫
d4p
(2pi)4
1
p˜2
= 0 , (17)
with ∫
d4p
(2pi)4
1
p˜2
= 16 · 0.03873... .
Because only the amplitude of the zero mode φ¯ appears in the fermion determinant this
same formula also describes the critical surface of a SU(2) × SU(2) symmetric model [10].
As shown in Fig. 1, direct comparison with the SU(2)× SU(2) model simulation results of
ref [10] shows very good agreement. The difference between 2d and 4d is obvious: because
the integral
∫ ddp
(2pi)d
1
p˜2
is infrared finite in d > 2 there is a finite symmetric region at small y in
4d while this symmetric region is shrank to y = 0 axis in 2d due to the infrared divergence.
We should emphasize that the method used here is only valid in the small Yukawa cou-
pling region. Indeed, in the strong Yukawa coupling region, using either a large y expansion
or a large Nf expansion with y
2 ∼ Nf [11, 1, 9] one may show that this model is equivalent
to the 2d Ising model and thus has a symmetric phase.
In conclusion, we have shown that the 2d Higgs-Yukawa model with Z(2) symmetry has
no symmetric phase in the small y region. The vacuum expectation value v satisfies the gap
3
equation Eq. (11) and the system is asymptotically free. All these properties suggest that
the continuum limit of this model is in the same universality class of the GN model.
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Figure 1: The critical line separating the ferromagnetic (FM) phase and the symmetric
(SYM) phase at λ =∞ for SU(2)×SU(2) symmetric model in 4d. The solid line is predicted
by Eq. (17) with Nf = 2. m
2
R/Zφ is measured in a simulation of the O(4) symmetric scalar
model. The data points are taken from Ref [10]. Note that in 2d the symmetric region will
disappear and the critical line will shift to y → 0.
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